1-¢* (1)
q_qm-i-l 1_q

ii)
] IL‘k 00 l‘k
Z AT _( Q)QZ _ 4k _ qgk+m
i= [k][k + m] = (=g —¢m)
s 1 1 1
o 2 k
- (1—Q) kzz:lx (1_qk: 1_qk+m> qk:_qk-i-m
SR (i)
- l—gqm g \g) \1—¢F 1—gktm
2 [ (rerde) (e )
= €T - q
1—qu§ ¢ 1-q* ghtm 1 —gktm
(1—q)2°o[k< 1 ) km( 1 )
= xT —
1_qu§1 1_qk q 1_qk+m
(1-g) b (1-9%" & k+m< 1 )
= N YA T —_—
1— qm ];1 [k] (]_ _ qm)xm ];1 1— qk'-i-m
(-9 &t (1-g)%7 x z? ™ k( 1 )
= 1_quzz:1[k] (1_qm):rm 1—¢q 1—(]2 1_qm+kz::1$ 1—qk
l—g ab | (1—g)P¢" |« z? z"™ (1-q)g™ & a”
e —+ + +...+ — -
1—qgm ; k]  (1—gmam™ |1—q 1-—¢? L—qm (1—gm)am ;; (k]

1— q ( <q>m> (1 _ q)qm xlfm x27m 1
= I In,(z) + + + -+ .
1—q™ x () (1—qgm) 1 1+¢ 1+qg+¢*+---gnt
Also solved by Arkady Alt, San Jose, CA, and the proposer.

e 5193: Proposed by Ovidiu Furdui, Cluj-Napoca, Romania

Let f be a function which has a power series expansion at 0 with radius of convergence

R.
— (n) x z a? z" Yty g
a) Prove that an O(e*—1—=——=---— =/ T tf (t)dt, x| < R.
0

| ] !
— 1! 2! n!

11



00 2 n
b) Let « be a non-zero real number. Calculate Z na” (e”” L x_) .

n=1

Solution 1 by Angel Plaza, University of Las Palmas de Gran Canaria, Spain.

a) Let S(z) be the sum of the series. Then, by differentiation, and for |z| < R,

> 2 n—1 0 n
S'(x) = X_:lnf(n)(O) (ex —1- % - % = h) = S(z) + Z:lnf(n)(o) . %

It follows that S’'(z) = S(z) + zf'(z), and hence

S(x) = /0 et (1) dt + Ce,

where C' is a constant of integration. Because S(0) = 0, we have C' = 0 and

S(z) = /0 et (1) d

b) Note that if f(z) = e®® then £ (0) = a”, for n > 1. Hence, by part a), the sum of

x2e?

X
the given series is / e leldt = if a =1. If a # 1, the sum of the series is

Jo
0 a—1 (a—1)2 °

Solution 2 by Anastasios Kotronis, Athens, Greece

a) From the problem’s assumptions we have that

+00 £(n) +00  £(n)
f('r) = Z f—(())$7l and f/(T) — Z (fn _(?§!$n—l

' for |z| <R,
n—o v n=1

so, for |z| < R we obtain

x z +00  £(n)
/ T () dt = / R DA N
0 0 1)!

n=1 (n -

+o0
— x f(”)(()) /z n_—t
= € Z(n—l)! Ote dt

n=1

. +oo f(n) 0
= > (n —(1))! " (1)

n=1

X

Now I,, = —/ t"(e_t)’ dt = —x"e ™ + nl,_1, so it is easily verified by induction
0

that

I, =—-¢e"* (:Jc" +na" 44 n!xo) +n!
With the above, (1) will give

12



T oty g AR ()
x—1 _ x
/0 e (t)dt = e 321 =)

A

(—e‘x (I” + nx

n=l_ ... 4 n,!mﬂ) + n!)

= Z (n!ex B n!xo)

= (n—1)!

+oo

o SO GRS

n=1

2) From (1) with f(z) = e*® we obtained that
“+oo n
S na (ex_l_z ..... x_)
1 n!
n=1
So,

I, = ac® (Jo (e(s:i)f) dt),

et _
T a-1 (x

Solution 3 by Arkady Alt, San Jose, CA
a) Let

an () =" =1 — 55— 5 — ... — n,,

Noting that

we obtain

F' ()

ne€ NU{0} and F (z) =

|
PN
|M8
3
-y
3

T

T
— / e:c at dt
0
= I,.
fora=1
fora # 1

1)

Z nf(n) (0) ap (z).

n=1
xn—l
(n—1)!
(0) ar, (@)

I
3
-y
=
—
o
N—
g\
—~
IS
S~—



Therefore,

o

Fe) - F'x) = Y nf" (0) (an (2) ~ ans (2)
n=1
S
_ N () 2"
nz::lf ©) (n—1)!
= Y O
n=0 '
= —af' (2).

Multiplying equation F’ (z) — F (x) = zf' () by e~* we obtain

!

Fl(z)e " —F(x)e™ = e "zf' (z) <= (F(z)e™™)

= e "xf (z).

Hence,

Fla)e® = / et f (1) dt

o

— F(z)= /xex—ttf’(t)dt.

o

b) Let f (z) = e*® then f(™ (0) = o™ and, using the result we obtained in part (a)
we get,

hE
S
Q
3
VN
m&!
|
—
|
o
|
|8,
|
|
| %
-~
I

T
/ e trae®dt
0

= oze””/ tet@=1 gt
0

T 2
If « =1 then / tet@= Vgt = %and, therefore,

0
00 2 n e o) 2 n
nl = T T T B s 4 T o "
P O B ) IED I CRLRE B S )
B ae®z?
N 2
If a # 1 then

/-:r tet(a—l)dt _ xe(a—l)m B e(a—l)w
0 - a-—1 (a— 1)2
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el (z(a—1) = 1)

Hence,

- r 2P 2"\ ae® (z(a—1)—1)
Zna <e —1——'———...——_>— (a—1)2 .

n=1

Solution 4 by Paolo Perfetti, Department of Mathematics, University
“Tor Vergata,” Rome, Italy

a) We need the two lemmas:

Lemma 1 m!n! < (n+m)!

Proof by Induction. Let m be fixed. If n = 0 evidently holds true. Let’s suppose
that the statement is true for any 1 <n < r. For n =r + 1 we have

mlr+ D! =mlrlr+ 1) < (m+r)lr+1)<(m+nr)lim+r+1)=m+r+1)!
which clearly holds for any m > 0. Since the inequality is symmetric, the induction
on m proceeds along the same lines. q.e.d.

Lemma 2 The power series

00 2 n o 00 k
3" nf™(0) (&—1—%-%-...-%) =S nf™o) 3 %

n=1 n=1 k=n+1
converges for |z| < R and is differentiable.

Proof:

— = x
K (n+1) k:znﬂ ]

i zk ! X g (1)
k=n-+1

By using the Lemma 1 we can bound

%) 00 k—n—1 o k
S faffr (n+1)! > Ed 3 || lel — R
< = = < .
k=nt1 - Keoom S (ken =1t © =

Thus we can write

inlf(”)(ﬂ)l i Jzff < eft|z| in|f(”)(0)|w n
n=0 k=n-+1 k! 0 n! (n+1)!
Since
h,?f;;p f(’Z!(O) . =R!' = hgl)s;;p f(’Z!(O) n:l— l . — p-!
the series

oo o0 k
Sonf0) Y o

n=1 k=n+1
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